We obtain explicit expressions for the subjective, objective and market value of perpetual executive stock options (ESOs) under exogenous employment shocks driven by an independent Poisson process. Within this set-up, we obtain the executive's optimal exercise policy which allows us to analyze the determinants of both, the subjective valuation by executives and the objective valuation by firms. The perpetual ESO is compared with the more realistic finite maturity ESO finding that the approximation is reasonably good.
Introduction
The increasing relevance of executive stock options ( has also revised the Financial Accounting Standard 123 (FAS 123R) with a similar purpose, namely, to provide a fair value method for shared based compensation arrangement. 4 Computing the fair value of one ESO is not straightforward, this is so because ESOs are American call options modified to create the required incentives for aligning executive's goals with shareholders' interests. Thus, ESOs cannot be sold or transferred, although partial hedge is possible by trading correlated assets. In addition, they can only be exercised after ending the vesting period. Consequently, standard methods for valuing American options are not directly applicable and a growing literature has been searching for a solution to the issue of ESO valuation. As in Hull and White (2004) , Leung and Sircar (2009) and FASB statement 123R, we also assume that the possible dilution effect is anticipated by the the market and already reflected in the stock price immediately after the ESO grant.
As any American call option, the value of an ESO depends on its payoff and this is clearly determined by the holder's exercise policy. In this regard, the literature has distinguished among three possible values for ESOs. First, there is a subjective ESO value given by what one ESO is worth to an executive. This value is quite different from the market price obtained from standard risk neutral valuation methods, as the Black-Scholes price for European options. This difference is clearly illustrated by a common finding in the empirical literature on the subject. As illustrated by the works of Huddart and Lang (1996) and Bettis et al. (2005) , ESOs are typically exercised well before maturity and mostly right after the end of the vesting period. In general, this behavior is inconsistent with the exercise policy that a well diversified investor facing an unrestricted environment would follow, giving rise to the ESO market price. Finally, motivated by the recent accounting standards, the literature has also introduced the objective value or the shareholders' cost when issuing the option. Although companies do not face the same hedging restrictions than their executives do, the ESO cost is not equal to its market price because of the executive's exercise policy.
Thus, either the subjective or the objective value turns out to be dependent on the precise way in which the exercise policy is incorporated. In this regard, we can distinguish two broad lines of analysis. In the first line, the exercise policy is obtained from structural models in which executives maximize their expected utility subject to a given set of constraints. Lambert et al. (1991) is an early example. They establish the subjective ESO value as its certainty-equivalence. Subsequently, Huddart (1994) and Kulatilaka and Marcus (1994) use this framework to provide an estimate of this subjective value determining the executive's exercise rule on a binomial tree. However, they restrict the executive to hold her wealth only in the risk free asset. Hall and Murphy (2002) and Cai and Vijh (2005) allow a more general setting in which the executive's wealth can also be held in restricted stocks or some market portfolio, respectively. Tian (2004) also uses this approach to study the incentive effects of European-style ESOs. All of them are static analyses in which the executive maximizes the expected utility of terminal wealth. Kahl et al. (2003) and Ingersoll (2006) use a dynamic approach such that the executive takes decisions about his optimal consumption and portfolio composition.
In a second line of reduced form models, the exercise policy is described either by some exogenous random event or by some exogenous parameter (or both) that forces the early option exercise and hence, the option expected life. An early example might be Jennergren and Näslund (1993) , who introduce an exogenous and independent Poisson process whose first arrival forces the early exercise of (vested) options. Carpenter (1998) shows that this type of models performs as well as structural ones and Carr and Linetsky (2000) advocate their use because of their simplicity. Hull and White (2004) illustrate the inclusion of a virtual strike price that triggers early exercise and that can be calibrated so as to match the option expected life.
Our contribution can be placed along the first class of models. We use a simplified version of Ingersoll's (2006) model in which the executive allocates her wealth across the market portfolio and risk free bonds, but the risk factors are reduced to just the market risk. Therefore, the executive is constrained to hold more of the company stock than its corresponding share in the market portfolio. 5 As a result, there are two sources of risk, one coming from the non diversifiable systematic risk factor, underlying the market portfolio, and the other coming from the idiosyncratic component not correlated with market risk. In a well diversified portfolio, the only source of risk would come exclusively from the market portfolio and any other idiosyncratic component would have vanished. From the maximization of a lifetime utility function, an stochastic discount factor (SDF) is found which, by including those two sources of risk, can be used for pricing ESOs. We extend this model by including a job termination risk along the lines of Jennergren and Näslund (1993) . The inclusion of this additional source of risk leads to a valuation model similar to that of Sircar and Xiong (2007) . There is nonetheless a basic difference, they solve their model under the risk neutral measure which does not consider the executive's exercise policy. Instead, we use the real measure 5 See the introduction to Ingersoll's (2006) article for a list of possible reasons of such undiversified holdings.
and obtain a closed form solution for the executive's exercise policy. Under this approach it is possible to provide a closed form expression for both, the subjective and the objective values. The case analyzed by Sircar and Xiong (2007) is only a solution for the ESO market value, which can be obtained in our approach by simply assuming a risk neutral agent (or a well diversified agent). Recently, Leung and Sircar (2009) have also studied the computation of firm's ESO cost. In a very interesting article, they obtain a condition that characterizes the executive's exercise policy using the indifference pricing methodology of Henderson (2005) . Although they obtain a theoretical characterization of how changes in several parameters of interest affects the resulting exercise boundary, this boundary and the corresponding firm's ESO cost need to be solved numerically.
The merit of our approach lies on its ability to become a reasonable approximation for real situations based on finite maturity ESOs, which are computationally more demanding. We show the bias size for this approximation to be fairly small. We also discuss the impact on the cost of ESOs when the firm is uncertain about how likely the executive will finish the employment relationships. To this end, the firm is endowed with a prior distribution for the job termination risk. Finally, we study the executive's incentives by analyzing the subjective ESO delta and vega.
Section 2 presents the theoretical results for the subjective valuation of ESOs. Section 3 discusses how the subjective valuation is affected by changes in the relevant parameters and shows the size of the bias incurred by the use of the perpetual ESO against the finite maturity case. Section 4 includes the theoretical results about the objective ESO valuation or firm cost, the corresponding goodness of fit in the approximation to the finite maturity case is also discussed and the implications for the accounting standards. This section concludes with a discussion of the impact that uncertainty on the job termination risk has on the cost of ESO. In Section 5, we show how ESO affects executive's performance through his subjective 'greeks'. Section 6 concludes.
Subjective ESO valuation
Our benchmark model will be a perpetual ESO with a stochastic live arising from exogenous employment shocks which forces the termination of the employment relationship, as in the model of Jennergren and Näslund (1993) . These shocks can arise from either the executive's side, due to voluntary resignation, or from the firm's side, due to the executive dismissal. In any case, the executive is forced to exercise the option if the event occurs after the vesting period, or to forfeit it, if the vesting period has not ended yet. The time at which the employment relationship is terminated is simply modeled as the first event of a Poisson process with hazard rate of per unit time. This Poisson process is assumed to be independent of any other stochastic process underlying our menu of assets. The hazard rate leads to jumps in the ESO price, but not in the underlying stock price, as in Jennergren and Näslund (1993) . We assume that the job termination risk is not priced, so that it can be diversified away. This assumption is very common in the literature. See, for instance, Jennergren and Näslund (1993) , Carpenter (1998) , Carr and Linetsky (2000) , Hull and White (2004) , Sircar and Xiong (2007) and Leung and Sircar (2009) .
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Those employment shocks force exogenous exercise of ESOs. Endogenous exercise results from the optimizing behavior of the executive which typically is assumed to solve a constrained maximization problem.
We shall consider the same menu of assets as in Ingersoll (2006), a risk-free bond, the market portfolio and the company stock. The equations describing the dynamics of the company stock and the market portfolio prices will be given by
where and denote the growth rate of the stock and the market portfolio respectively, while and stand for the corresponding continuous dividend yields. The firm's stock and the market portfolio are assumed to be imperfectly correlated. Formally, the Wiener processes satisfy the following relationship:
where the parameter is the conventional market beta, and and are independent standard Wiener processes. Notice that is not an independent parameter, since it must satisfy the restriction 2 = 2 − 2 2 as equation (1) makes clear. In short, we can write the equation for the stock price dynamics as
As Ingersoll (2006) , we assume that the executive is infinitely lived and maximizes an expected lifetime utility of the constant relative risk aversion class. To capture the degree of undiversification, we define the parameter as the excess of company's stock holding over the optimal level already incorporated in the market portfolio. 7 Therefore, the executive's problem is 6 Leung and Sircar (2009) have considered the case in which is a bounded continuous non-negative function of the firm's stock price. However, they state that this generalization does not seem to bring much additional insight to the executive's exercise policy.
7 Let denote the minimum amount of the company stock that the executive is constrained to hold. If ★ denotes the
where
denotes the conditional expectation and it is subject to the following dynamic budget constraint:
with initial condition (0) = 0 . For simplicity, no wage income is assumed. Assuming that CAPM holds,
, and using the orthogonal decomposition described in equation (1), we can rewrite
Given the above conditions, we can obtain the SDF in the following lemma.
Lemma 1. The SDF, Θ, that prices the derivative will obey the following ordinary differential equation (ODE):
This proof is straightforward by following Ingersoll (2006) . Notice that, when the executive is either risk neutral, = 0, or has a well diversified portfolio, = 0, the SDF does not include any term reflecting the (diversifiable) idiosyncratic risk of the stock. Hence, the resulting value coincides with the risk neutral price for marketable options.
Pricing without vesting period
For pricing ESOs, we use the no arbitrage condition E 0 [ (Θ ) ] = 0 where denotes the perpetual ESO value. Thus,
Given equation (6), we get the following result:
Lemma 2. Under the no arbitrage condition in equation (6) and assuming that CAPM holds, we get the following fundamental ODE for the subjective perpetual ESO price:
optimal share of the company stock in the market portfolio and ★ the optimal share of the market portfolio in the executive's total portfolio, then would satisfy the following condition = − ★ ★ ≥ 0. Equation (7) is the ODE defining the executive's value of the ESO in the continuation or waiting region.
The structure of the problem implies that there is a threshold price, * , such that the optimal policy is waiting while < * and exercising as soon as ≥ * . Hence, at the boundary with the exercise region, the following conditions must hold:
where the threshold price * is determined endogenously as part of the complete solution. Considering equations (7), (8) and (9), we obtain the following proposition:
Proposition 3. Assume that there is no vesting period and the ESO is a perpetual American call option, then the solution to the ODE defined in (7) subject to the following boundary conditions, (0) = 0 and equations (8) and (9), provides the value for the ESO holder, whose explicit solution is given by
whereˆ 1 andˆ 2 are the solutions to the quadratic equation
and the values of the constantsˆ 1 ,ˆ 1 andˆ 2 are defined in Appendix B by equations (27), (26) and (22) respectively. Finally, the threshold priceˆ * is uniquely defined by solving the next equation:
Proof.-See Appendix B.
( ) is homogeneous of degree one in both and . The first two rows of equation (10) show the subjective ESO value when the price is below the optimal subjective threshold. Both belong to a situation in which the executive is better-off waiting rather than exercising the option. Consider the following intuitive explanation of these gains for the second waiting region. Its first component comes from the possible increase in the future price of the underlying stock. The second one concerns the possibility of exercising the ESO if an employment shock occurs at any future time with a probability of . Hence, the term ( /( +ˆ ) − /( +ˆ )) denotes the expected ESO present value when it is in-the-money. 8 Of course, in the first waiting region this term does not appear since the option is out-of-the-money.
Some remarks about equation (11) are in order. By contrast with the paper of Sircar and Xiong (2007) ,
we have found a closed form expression for the executive's exercise policy which is also valid for non-risk neutral executives. The exercise policy is homogeneous of degree one in , that is, any change in the strike price implies a change in the same proportion in the threshold price. Finally, although it is not easy to find general comparative static results, all numerical simulations have provided results that conform with intuition. For instance, a higher value of the employment shock probability tends to reduce the threshold price. Figure 1 shows the typical shape of ( ) derived in Proposition 3. This figure displays several values for the stock excess holdings. Note that the situation of = 0 is equivalent to the ESO risk neutral valuation.
This value acts as an upper boundary for other situations in which the executive is less diversified.
[ Figure 1 is about here]
Pricing with vesting period
In this subsection, we extend the results of Proposition 3 to the case of a positive vesting period, . The subjective ESO value at the granting date, = 0, is obtained in the following proposition.
Proposition 4. The subjective ESO value at the granting date, = 0, with a vesting period of length is given by
where the exponential term is the probability that the executive will remain employed till the end of the vesting period and
for any real numbers , and verifying
This expected present value is obtained by solving the following integral:
where the time for the first employment shock follows an exponential distribution with mean 1/ . where
represents the cumulative standard normal distribution.
Proof.-See Appendix C.
Discussion
In this section, we begin studying the impact on the ESO valuation due to changes in several parameters of interest. These results can be found in the subsection of sensitivity analysis. We turn next to examine the robustness of our perpetual ESO valuation by comparing with American-style ESOs with finite maturities.
For all situations, we assume the risk free interest rate = 6%, the continuous dividend yield = 1.5%
and the market volatility = 20%. All these parameter values are taken on a yearly basis. We assume
ESOs are granted at the money. The strike price, , and the stock price at the granting date, 0 , are equal to $30.
Sensitivity analysis
We illustrate the effect of varying each of the following parameters: (i) the market beta, , which can be either 0 or 1; (ii) the total yearly volatility of the stock return, , which can be 30%, 40% or 60%; (iii) the vesting period, , which can be either 0 or 3 years; (iv) the employment shock captured through the yearly Poisson intensity parameter, , with values of either 10% or 20%; (v) the excess stock holding, , ranging from 0% to 40%; and finally, (vi) the risk aversion parameter, , with value of 2 or 4. The results of this analysis are displayed in Table 1. This table is First, the ESO market price, , is obtained under the restriction of = 0%. It is shown that increases with the total volatility of the stock return. This feature is independent of the risk decomposition into common risk or beta and specific or idiosyncratic risk, . The reason is that a well diversified agent does not worry about the size of . Note that, as expected, acts as an upper boundary for .
[ Table 1 is about here] Second, the higher the value of the higher . This effect has already been addressed by Tian (2004) .
A value of = 0 suggests that the market portfolio is useless for hedging the risk of large holdings of the company stock. Observe that under = 0, it holds that = . Thus, for any level of both the excess stock holding and risk aversion, an increase in the size of beta such that is keeping constant (i.e, a displacement across any row of Table 1 ), implies a decrease in the specific risk which improves the executive's utility.
Third, the higher the risk aversion or the excess stock holding, the lower . Fourth, the higher the employment shock intensity the lower . Compare panels A and C when there is no vesting period, while panels B and D for the positive one. Fifth, the higher the vesting period the lower . Compare panels A and B for = 10%, or panels C and D for = 20%.
Last but not least, increases in have ambiguous effects on . This is due to the fact that, as is kept constant, changes in 2 are one-to-one changes in 2 . The conventional analysis of American call options shows that a higher variance tends to increase . If this increase is due to a higher idiosyncratic volatility, the adjusted interest rate falls and the adjusted dividend yield increases and, pursuing further the analogy with American calls options, these changes tend to decrease . In Table 1 Notice, however, that a higher value of tends to reverse the former relationship, making increasing in . However, this effect only appears for short vesting periods, compare the values in Panel A with those in Panel C. 9 Therefore, for the typical length of vesting periods observed in practice, this effect does not seem to modify substantially the behavior of with respect to changes in .
Perpetual versus finite maturities
It becomes interesting to analyze if ESOs having finite maturities are adequately approximated by perpetual ones. We calculate ESO prices with finite maturities using the least-squares Monte Carlo algorithm (LSMC henceforth) of Longstaff and Schwartz (2001) . We simulate the risk neutral price process but replacing and respectively byˆ andˆ , as defined in Lemma 2.
The LSMC uses a backward induction procedure that works as follows. At maturity, the ESO is exercised if it is in-the-money, then the subjective value of the ESO is = ( − ) + . 10 One period before, at − where is the length of one time step, on one hand there is a probability equal to 1 − to abandon 9 In additional results, not reported here, for a vesting period of one year, an increase in from 10% to 20% enlarges the set of cases for which increases when increases. 10 Note that ( − ) + is the same as (
the firm and the payoff of the ESO would be ( − − ) + . On the other hand, with probability the executive remains in the firm and thus, he must decide either to hold or to exercise voluntarily the ESO.
The executive will exercise the ESO if
, in this case the ESO value will be − − . Otherwise, the payoff will be the discounted expected one period ahead ESO value. Thus, the ESO value at any time , such that > > , is computed as
is the discounted expectation of the ESO value. 11 The conditional expected ESO value is computed by least-squares such that for those paths in-the-money, the one period ahead ESO value is regressed over some basis functions of the current stock price. We work backwards until the vesting or grant date with this scheme. We use 20,000 paths simulated with monthly frequency 12 and we take the average of 50 previous estimations using 25 different seeds plus the corresponding 25 antithetics.
[ Table 1 . The values of the risk aversion and the total volatility are, respectively, = 2 and = 30%.
The remaining parameters are the same as in lead to a decreasing pattern as increases. Indeed, this positive bias tends to be lower than 10% for the benchmark American-style ESO with a maturity of ten years. In short, the benchmark ESO value is well approximated through the perpetual one. 13 For the shortest maturity, = 5, the largest bias is around 25% for = 10%, while it decreases significantly to approximately 10% for = 20%. Therefore, the larger the probability of employment shock, the better the approximation through the perpetual ESO.
11 Hull and White (2004) and Ammann and Seiz (2004) also introduce in the same way the exit rate for the backwards induction in their binomial tree models.
12 Stentoft (2004) obtains that the LSMC method with 10 exercise points per year produce very accurate prices compared with the ones obtained using a binomial model with 50,000 time steps. He argues that more accurate prices are obtained when increasing the simulated paths or the number of basis functions used as regressors.
13 It is available upon request, though not reported here, a table similar to Table 1 
ESO cost for firms
ESOs are extensively used as a payment scheme that may help firms in retaining and motivating its executives. As a result, an ever increasing part of the executive's compensation packages have taken the form of ESOs and this has motivated a discussion about the precise way in which this cost should be evaluated. There is not yet a consensus on this issue because of the lack of a general agreement about what should be the right model. Despite of this, there is a general agreement of the role played by the subjective value in the computation of the ESO cost for firms. This cost depends on the executive's exercise policy which is a function of his subjective ESO valuation. Since the firm is not restricted to hedge the risk associated with the stock options, the objective valuation will be a straightforward modification of the risk neutral one. That is, the ESO cost for the firm is the amount that would receive if the ESO were sold to a well diversified investor with the risk-averse executive's exercise policy, to which we should also add, facing exogenous employment shocks that may end the employment relationship.
Objective ESO valuation
We shall denote by the objective ESO value. It is immediate that the former definition implies that is the solution to the ODE described in equation (7) for the case of risk neutral agents (or, equivalently, well diversified agents). Recall that this case follows from setting the parameter , or either the parameter , to zero. In this case the adjusted risk free rate,ˆ , and the adjusted dividend yield,ˆ , become respectively and . For ease of comparison, the ODE corresponding to the risk neutral valuation is:
where the boundary conditions are now given by
such thatˆ * is the executive's threshold price obtained in Proposition 3.
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We start getting the explicit expression for when there is no vesting. This turns out to be a slight modification of Proposition 3. The precise result is stated in the following corollary.
14 Notice that can also be obtained as the solution to a perpetual up-and-in barrier option withˆ * as the upper barrier. See Ingersoll (2006) for the finite maturity case.
Corollary 5. Assuming that there is no vesting period and the ESO is a perpetual American call option, the objective ESO value is given by the solution to the ODE defined in equation (14) subject to the boundary conditions (15) and (16):
whereˆ * is the executive's threshold price obtained in Proposition 3, 1 and 2 are the roots corresponding to the risk neutral case and the values of˜ 1 ,˜ 1 and˜ 2 are defined in Appendix D by equations (34), (33) and (32), respectively.
Proof.-See Appendix D.
15
This result can also be extended to the case of a positive vesting period. Specifically, by plugging both the risk neutral SDF and the executive's threshold price,ˆ * , into Proposition 4 we get the next corollary.
Corollary 6. The objective ESO cost is given by
where the constants˜ 1 ,˜ 1 and˜ 2 are those obtained in Corollary 5.
Proof.-The above equation follows easily from equation (13) Table 1 . The picture of the left hand side shows that decreases with the degree of risk aversion, , and with the undiversification parameter, . Conversely, a higher value of implies, for given total volatility of the company stock and the market portfolio, a lower idiosyncratic volatility and hence, a higher value of . The intuition is that all those changes reduce the threshold price that triggers the ESO exercise. The picture on the right hand side displays the ratio between the subjective and the objective value. We can see that, although the former changes affect and in
15 As in the subjective valuation case, ( ) is linearly homogeneous in and .
the same way, the ESO ratio decreases significantly with the degree of risk aversion, , the undiversification parameter, and the size of the idiosyncratic risk, (displayed in the figure as a lower value for ). This is in line with the results of Tian (2004), Ingersoll (2006) and Chung, Hu and Fu (2008) for the case of European ESOs.
[ Figure 3 is about here]
This fall in the ratio is explained by the fact that, although all these changes affect both, the impact on is only through a change in the threshold whereas the impact on also includes the changes in andˆ , which are absent in the former because it is computed under the risk-neutral measure (see either Corollary 5 or 6).
Finally, we have also explored the effect of different values of the intensity rate. As expected, decreases with higher values of and this effect turns out to be larger, the larger the ESO vesting period.
The ratio / moves up only slightly with higher values of and they are not reported here to save space (but see Table 2 for an illustration of the impact on of higher values of ).
Perpetual versus finite maturity
In this section, we perform the same exercise made in subsection 3.2 and compare the objective perpetual ESO valuation, , with that corresponding to the finite maturity case, . We consider a maturity of ten years, which is frequently used in practice. Additionally, in subsection 3.2, the subjective perpetual ESO value turns out to perform quite well for this maturity. Thus, it seems natural to use this maturity to check how well our valuation method approximates the finite maturity case. This comparison is exhibited in go from about 10% to 0% when increases for the case of = 10% and = 2. This bias can be negative with respect to the former situation for large values of , though the size is nearly the same as above. The case of = 20% and = 4 also exhibits positive relative biases ranging from 5% to 0% as increases. Again, this bias becomes negative in some situations when is large. In short, we can conclude that the perpetual valuation is a good approximation due to the small bias size and its lower computational intensity.
Accounting implications
As a result of the increasing relevance of ESOs in the managers compensation packages and the need to converge with other international standards, the FASB has revised its statement N o 123. The new FAS 123R requires firms to disclose the method used for estimating the grant-date fair value of their ESO compensation packages. Among the valuation techniques that the FAS 123R consider acceptable are both lattice and closed form models, such as the binomial model and the Black-Scholes-Merton formula, respectively. Since ESOs are typically exercised before maturity, the FAS 123R (paragraph A26) explicitly requires that this fair value be based on its expected term, or expected life, rather than its maturity term. Furthermore, this expected life must be disclosed by firms as part of the shareholders' available information (FAS 123R, paragraph A240). In general, this expected life must be estimated. Kulatilaka and Marcus (1994) , among others, have warned against the use of historical data with the purpose of estimating the option expected term. This is so because the ESO expected life is linked to the stock market performance during the relevant period and this might lead to poor predictions. As an example of an acceptable method for estimating this parameter, the FAS 123R suggests using the estimated ESO fair value, as obtained from a lattice model, as an input of a closed form model, such as an augmented Black-Scholes-Merton model, from which the implied expected term can be calculated. Now, we illustrate the usefulness of the perpetual option approximation to the real finite maturity option to estimate the ESO expected term. Specifically, we take the expected life of the objective finite maturity ESO which is implicit in the corresponding value of Table 2 , and compare it with the implied expected life that one would obtain by using the objective perpetual ESO price as the value of the FAS 123 adjusted European call price. This value is given by,
where ( ) denotes the Black-Scholes (1973) formula with a time to maturity equal to and a vesting period of length . . In all cases, the objective finite ESO has a term to maturity of ten years. The remaining parameters are = 6%, = 1.5%, = 1 and = 40% which are used for the evaluation of both, the objective perpetual and finite ESO. As it can be seen, the objective perpetual approximation is good whenever either the risk of the employment shock or the degree of relative risk aversion is high, or whenever the degree of portfolio diversification is low.
[ Figure 4 is about here]
Uncertainty in employment shocks
We study the effects of uncertainty in the likelihood of an employment shock, , that is one of the main parameters in this work. We implement a simple exercise just to motivate this situation. Notice that the employment relationship may terminate by the side of either the firm or the executive because of some exogenous event, for instance, the executive finds out a better available job. Each part is more uncertain about the likelihood the other part attaches to this event. Assume that this uncertainty arises only from the executive's side. Further, we also assume the firm's manager ignores the precise value of , although he has some a priori probability distribution for it. Of course, this will also generate a probability distribution for the objective value.
For simplicity, we assume a Triangular distribution 16 for the values of . We consider three prior distributions for , that might be representative of the executive's outside opportunities. For instance, in a highly concentrated industry (few firms), the executive's employment alternatives would tend to be scarce, so that the probability of leaving his actual job would be lower than in less concentrated industries. These prior distributions are classified according to the skewness behavior capturing alternative industry concentration levels. An asymmetric distribution with positive (negative) skewness represents a higher probability mass for small (large) values of because the industry is highly (scarcely) concentrated. And finally, we also consider a symmetric distribution for an intermediate situation.
For each assumed distribution of a total of 10,000 values have been simulated. For the cases of positive, value than those distributions of with negative skewness (boxplots C). This is a clear effect of the negative correlation between the size of and . For instance, these differences go from a median value of 8
16 See chapter 40 in Evans et al. (2000) .
(boxplot A) to 5 (boxplot C) in picture I. Note also that a higher volatility leads to a higher median for the objective value. This value is higher the lower is the restriction on the portfolio diversification.
[ Figure 5 is about here]
Incentive effects
The literature has paid great attention to the optimal design of the executive compensation package as a way of affecting their incentives. In general, these compensation packages consist of a fixed cash component, 
17
Despite all this, there are at least two reasons to use option greeks in the discussion of how ESOs affect executives' incentives. In the first place, there is a gap between subjective and objective ESO valuation and, hence, there is a distinction between the incentives perceived by executives and the cost to the firm of providing those incentives. In particular, Chang et al. (2008) have considered the ratio between the subjective and the objective greek for finite European ESOs as a measure of the size of the perceived incentives per unit cost of the firm. Since our perpetual American ESOs approximates reasonably the finite case as shown in subsection 3.2, we extend their analysis to the case of perpetual American ESOs. Secondly, it turns out that the ratio between subjective and objective greeks might be of help in the design of the composition of the executive compensation package, provided the parameters are conveniently interpreted.
We consider next each issue in turn.
Let us consider first the incentives to raise shareholders wealth as measured by the subjective delta, Δ . The firm's cost of providing these incentives are measured by the objective delta, Δ . The ratio Δ /Δ is then the reward perceived by the executive per unit cost of the firm. A ratio below one suggests that the executive's incentives are lower than those intended by the firm. As Chang et al. (2008) have observed a ratio of 0.5, it means that the executive only perceives half of the incentive effects intended by shareholders. Hence, to provide the same level of incentives, he must be offered at least twice as many ESOs incurring in a higher cost. 18 We show that Δ /Δ is typically below one when plotted as a function of 0 . With regard to the impact of unemployment shocks, a higher value of reduces somewhat the size of this ratio.
19
This is depicted in picture I of Figure 6 . The ratio Δ /Δ has been computed numerically by evaluating both partial derivatives using 0 = as a midpoint, e.g. for at-the-money ESOs. It turns out that this ratio is monotonically decreasing with and below one, except for the case = 0 where subjective and objective valuations coincide. This result is not modified by the consideration of different values of .
Hence, the maximum perceived incentives to increase firm's market value per unit cost are achieved when the executive does not hold any restricted stock, for at-the-money ESOs.
The former analysis can also be extended to examine executive's incentives for investments in risky projects. This is measured by the subjective systematic risk vega, denoted by Λ , that shows the change in resulting from a unit change in market beta. The firm's cost of providing those incentives is measured analogously by Λ . As before, the ratio Λ /Λ , is represented in picture II of Figure 6 against for the case of at-the-money ESOs. The corresponding numerical partial derivatives have been evaluated using = 1 as the midpoint. Now, the shape of the curve suggests the existence of a maximum value of the ratio for a certain value of denoted as * . Furthermore, this maximum value turns out to be greater than one.
This issue has been further explored in Figure 7 , in which we plot Λ /Λ as a function of for several values of the idiosyncratic volatility and of the employment shock likelihood. As it is shown, the 18 With decreasing marginal benefits, the amount of ESOs offered to executives should be more than twice the initial level.
19 These results are available upon request.
higher the idiosyncratic component, , the lower the required amount of restricted stock, * . A higher value of the likelihood of employment shocks, , leads to a rise in * . By the other hand, the maximum value of the ratio is clearly decreasing.
Conclusions
In this paper we have examined how the valuation of perpetual ESOs can be achieved by using a stochastic discount factor derived from the constrained intertemporal optimization problem faced by the executive. Following Ingersoll (2006) , this constraint comes from the obligation to hold a proportion of the company stock higher than the optimal one. We obtain a stochastic discount factor that, by pricing the risk free asset, the market portfolio and the firm's stock, can also price the option. In a first step, we obtain a closed form expression for the executive's exercise policy. From this, a closed formula for the subjective value of ESOs with and without a vesting period is obtained. Furthermore, shareholders' cost follows easily from the subjective threshold price that characterizes the executive's exercise policy.
Despite considering perpetual ESOs, our valuation method approximates reasonably well the more realistic finite maturity case. This is true for both, the subjective and the objective ESO price. Since the latter is the ESO cost for firms and this must be calculated as part of the firm financial statements, our approach can be useful for this purpose. Furthermore, in Section 4.3, we have checked that our approach can also approximate reasonably well the expected term of the ESO, which is also part of the information the firm must disclosure to their shareholders.
Last but not least, we have also examined the impact of ESOs on executives incentives, highlighting the role of the employment shock likelihood. In particular, we have found that a higher job turnover rate implies lower incentives for both raising the company market value and taking on projects with high correlation with market expected return. In this latter case, there appears to be a critical value of for which the executive's perceived incentive per unit cost of the firm achieves a maximum. This maximum is decreasing with respect to the size of the idiosyncratic volatility.
Finally, as suggestions for future research, first it might be interesting to explore the effect of endogenous along the lines of Leung and Sircar (2009) . As a second line of research we might also explore the influence of on the maximum value achieved by the ratio of the executive's perceived incentives to take risky projects per unit firm's cost. Although the firm is uncertain about the value of , it could be inferred from the executive's exercise policy using a Bayesian learning process.
Appendix A Using Ito's lemma, the money value of the ESO, , obeys the following stochastic differential equation:
This equation together with equation (5) will lead to our fundamental equation (7). Indeed, by omitting terms of order higher than , we obtain:
where E0 denotes the conditional expectation operator under the real measure and the CAPM condition, = + ( − ) , has been used to obtain the third equation. Now, by straightforward substitution, we get:
Hence,
Finally, by definingˆ = − 2 2 andˆ = + ( 1 − ) 2 we obtain equation (7).
Appendix B
The solution to equation (7) can be easily shown to be
whereˆ 1 andˆ 2 are, respectively, the positive and negative root of the quadratic equationˆ
In equation (7) the negative root has been eliminated in the region < by imposing the boundary condition ( 0 ) = 0. The constantsˆ 1 andˆ 2 can be solved in terms ofˆ 1 and by using the usual conditions of value matching and smooth pasting for = :
And forˆ 1:ˆ
To determine the remaining constant,ˆ 1, and the threshold price, ★ , we use equations (8) and (9) to get:
Solving first forˆ 1 in equation (25) one gets:
Or, after substituting forˆ 2 and simplifyinĝ
Hence, we can writeˆ 1 as:
so that, equation (10) in the main text is obtained. Finally, by combining equations (24) and (25) we get the implicit equation for solving forˆ * which, by using the relations given in equation (21), can be written as equation (11) in the main text.
Appendix C
We want to solve the following conditional expectation:
Thus, all expectations take the general form E0
for any given real number. Given the stochastic dynamics driving and ( Θ /Θ0 ) we have explicit expressions for each one of them, namely:
where , and are independent standard normal variables satisfying = + . Then, the expectation we seek to solve is given by a double integral of the form:
denotes the density function of a standard normal variable. Notice that the range of integration for and must be such that ≤ ≤ . Following Cochrane and Saa-Requejo (1999) , we define the new variables:
Notice that 1 and 2 are too independent standard normal variables. By reversing the change we have the following expression in terms of and :
After substitution into equation (28), we get the following expression:
We turn next to the specification of the integration region for each of the new variables. Clearly, for ≤ ≤ we have the following boundaries in terms of the 1 variable:
or more compactly ≤ 1 ≤ . By the other hand the range of integration for 2 is unrestricted. Hence, by omitting the exponential term that appears outside the double integral (29), we are left with
Each integral is solved by completing the square. Thus, for the first integral, we get exp
whereas for the second integral, we obtain:
) and = √ . In the computation of this integral we have made use of the relationshipˆ −ˆ = − − 2 and the CAPM condition
. Finally and after some algebra, the product of the three remaining exponentials can be greatly simplified to
Summing up, we obtain:
Appendix D
Following the same steps as in Appendix C, we find that the solution to equation (14) is given by
where 1 and 2 are, respectively, the positive and negative root of the quadratic equation
Again, a similar procedure leads to the following values for the constants˜ 1,˜ 2 and˜ 1: This table shows the subjective ESO value obtained by using either equation (10) or (13). The first column, , contains different risk-aversion coefficients. The second column, , contains the different levels of firm's stock volatility. The next five columns are obtained with = 0 and the remaining ones with = 1. We also consider different values of ranging from 0% to 40%. The table is divided in four panels for different combinations of the employment shock intensity, , and the vesting period, . Other parameters for ESO valuation are: 0 = = $30, corresponding to the initial firm's stock price and the option strike price respectively, the yearly risk-free rate, = 6%, the yearly stock continuously compounded dividend rate, = 1.5% and the yearly market portfolio volatility, = 20%. This table shows the objective value for the perpetual ESO (left side) and for a finite maturity ESO of ten years (right side) denoted as and , respectively. The first column, , contains different values of the employment shock intensity. The second column, , contains different levels of the market beta. The third column, , represents different levels of executive's risk aversion. and are obtained under five different values of ranging from 0% to 40%. We also consider three different vesting period lengths in Panel A ( = 1 years), Panel B ( = 3 years) and Panel C ( = 5 years). The perpetual values have been obtained using Corollary 6. For the finite maturity cases, the procedure to obtain these prices are described in subsection 3.2. The values for the remaining parameters are: 0 = = $30, = 6%, = 1.5%, = 40% and = 20%. This figure compares the expected term from a finite maturity ESO of 10 years and a vesting period of 3 years (discontinuous line) with that obtained by calibrating equation (19) using a price equal to the perpetual ESO value (solid line). The remaining values of the parameters are: = 6%, = 1.5%, = 40% and 0 = = $30. Pictures I and II display the systematic vega ratio, Λ /Λ , as a function of for = 5% and = 10%, respectively. In both cases, the ratio is computed for at-the-money ESOs and = 2. Each picture depicts several plots for different idiosyncratic risk values,
. The values for the remaining parameters are: = 6%, = 1.5%, = 1, = 20% and = 3.
